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Abstract

People learn from observing each others’ actions, but their interests are not necessarily
aligned. This paper analyzes a model of social learning allowing for heterogeneous prefer-
ences. There is a sequence of agents, each one observing an arbitrarily informative private
signal and the action of their immediate predecessor. In a homogeneous preference environ-
ment, this game always leads to agents eventually taking the best action. With heteroge-
neous preferences, the value extracted from observational learning can be arbitrarily small.
I develop an example in which information aggregation fails because agents’ actions do not
reflect the information of their predecessors. I show that the heterogeneity of behavior when
agents are perfectly informed must vanish for there to be asymptotic learning for some sig-
nal structure. Similarly, the amount of heterogeneity of behavior under uncertainty must be
asymptotically limited by that of a fictitious player in order for there to be asymptotic learning
for all unbounded signal structures.
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1 Introduction

Most economic phenomena involve some sort of information transmission throughout society.

Examples include the spreading of technologies in rural parts of the world (such as the Green

Revolution), misinformation campaigns in social media or word-of-mouth advertisement of new

products. This paper aims to show that the mismatch of preferences among the relevant agents

has serious implications for the way in which information spreads.

In particular, the central concern of this paper relates to the process of observational learning,

which is the phenomenon of people inferring what information led others to take the action they

did, and learn from that exercise. The process of people successfully learning through observa-

tions, and transmitting information through their actions to future observes is known as social

learning.

There is evidence that observational learning can be a very powerful tool for information to

spread, sometimes even more powerful than direct access to information (e.g.: Krishnan and

Patnam (2014)). Furthermore, classic positive results in the theoretical literature (Smith and

Sørensen (2000), Acemoglu et al. (2011)) reinforce that strength.

Nevertheless, there is also evidence that different forms of heterogeneity in society can hinder

that process of information accumulation1. For example, Tjernstrom (2017) studies the introduc-

tion of new maize technologies in rural Kenya through a randomized control trial, and finds that

the variance of farmer’s posteriors on the impacts of the new technology increases with the village

soil heterogeneity, and that this weakens the strength of social learning.

This paper provides a new explanation for such phenomena. The combination of population

heterogeneity and non-observation of the whole set of agents previous decisions can lead to the

actions taken no longer reflecting information collected in the past.

This stands in contrast to the most common form of failure of information aggregation found

in the literature, herding (Bikhchandani et al. (1992), Banerjee (1992)). In the herding models,

failure happens because agents’ actions stop reflecting their own private information, and are

perfectly predictable given the actions of the previous players. In the anti-herding example,

introduced in Section 2 failure happens because players’ actions stop revealing past play, and

only reflect their private signal.

That example is highly stylized and intends to portray the anti-herding effect in a very sharp

way. A natural question that arises is how generalizable this phenomenon is. In particular,

Acemoglu et al. (2011) studies a similar version of that model, with homogeneous preferences,

and shows that information aggregates well. The reader may wonder whether small amounts of

heterogeneity will not change that positive result.

More specifically, what are the conditions on the sequence of preferences such that informa-

tion aggregates well for some (non-trivial) signal structure? And what conditions are sufficient or

necessary for information to aggregate well for every (non-trivial, unbounded) signal structure?

Section 5 tackles the first question. Theorem 1 establishes a necessary and sufficient condi-

1Oyetunde-usman (2022) provides a good survey of the role of different sources of heterogeneity in technology
adoption in East and West Africa.
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tion for asymptotic learning to happen for some non-trivial (that is, not fully-revealing) signal

structure. That condition states that the sequence of preferences must be such that, in the limit,

perfectly informed players would act the same way (up to a relabeling).

Following that, Section 6 asks the analogous question, for every non-trivial, unbounded signal

structure. Theorem 2 and Theorem 3, roughly speaking, find that it must be the case that there

is a fictional agent for which, in the limit, player’s preferences becomes arbitrarily close to being

a refinement of that fiction players’ preferences. This is a more stringent condition than the one

for Theorem 1, since it induces similar behavior at uncertainty, whereas the previous condition

only imposes that requirement for certainty beliefs.

Not having asymptotic learning does not mean that information aggregation is bad. It can

be the case that agents are only ε-away from learning the true state of the world through obser-

vational learning, and the quantitative negative impact of heterogeneity of preferences is very

small. Theorem 3 shows that this is not the case for at least one information structure. It states

that there will be an infinite sequence of agents that will extract arbitrarily little value from

observational learning. Their payoffs are very close to the ones they would have if they only ob-

served their private signals. This means that heterogeneity will completely breakdown the social

learning process infinitely many times.

The strength of that result depends on the geometry of the preferences. It is possible that

some partition of the state space is learnable, but not necessarily the finest possible partition.

Section 7 discusses how the geometric position of the prior beliefs plays a role in that process.

This paper also considers some extensions to the baseline model. Section 8.1 highlights

another feature that distinguishes heterogeneous and homogeneous preferences: in the latter,

agents always benefit from having observing strictly better informed people, but that needs not

be true in the former cases. Section 8.2 shows how heterogeneity of priors can be easily incorpo-

rated into the baseline model. Finally, Section 8.3 shows that the results are qualitatively robust

to more generic networks of observation.
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2 The Anti-Herding Model

Suppose there are N rational agents that play sequentially. Each agent is identified by her posi-

tion in line.

There are two states of the world, Θ= {L,R}, and each agent has two actions available to her,

{`, r}. They would like to match the state of the world.

Everyone shares a common prior of P(θ = R) = 1/2+ ε, for a very small ε > 0. Furthermore,

each agent gets a private, identically distributed, conditionally independent signal. Suppose that

with a small probability φ, this signal is perfectly revealing, and with the remaining probability

1−φ, the signal is perfectly uninformative.

All agents (except for the first one) get to observe the actions taken by their immediate prede-

cessors, but not by any other player. This assumption is distinct from most of the literature, and

its role will be more thoroughly discussed on Section 8.3.

We will consider different specifications for the sequence of preferences.

2.1 Homogeneous Preferences (Acemoglu et al)

Suppose all players share the same payoff function:

ui(ai,θ)=
1, if (ai,θ) ∈ {(`,L), (r,R)};

0, otherwise.

That is, they get a payoff of 1 if they match the state of the world and 0 otherwise. This

is a classical payoff structure that was already studied in the seminal papers in this literature,

such as Bikhchandani et al. (1992), Banerjee (1992), or Smith and Sørensen (2000). This model

has the exact same specification as Acemoglu et al. (2011), and the results in this subsection are

present in that paper for a more general signal structure.

Given the payoff structure, agents will take action ` if their posterior2 is lower than 1/2 and

r otherwise.

The first player (P1) has only access to her private signal. If she receives the signal that

reveals the state to be L, she will take action L. If she receives either the uninformative signal

(which leads to a posterior of 1/2+ ε), or the signal that reveals the state to be R (which leads to

a posterior of 1), she will take action r.

The second player (P2) observes the action of the first player. If he sees that P1 took action `,

he infers that she was informed that the state is L, and he updates his beliefs to become 0. He

will also take action `.

If P2 observes that P1 took action r, he cannot distinguish if she got an uninformative signal

or an informative signal saying the state is R. He therefore updates his posteriors towards the

state being R: P(θ = R | a1 = r)> 1/2+ε. In that case, if he get a perfectly revealing signal, he will

match the state, otherwise he will take action r.

2Posterior refers to the probability of the state being R.
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Making an induction argument, it can be concluded that, in equilibrium, if a player received a

signal informing the state to be L, then all players in the future will correctly learn the state and

take the optimal action. Otherwise, they will take action R and keep updating their posteriors

towards 1. Since we know that, with probability one, eventually one agent will get a perfectly

informative signal, we know that they will take the correct action in the limit.

In this stylized model, information aggregation is perfect. By observing only their predecessor,

an agent will take exactly the same action as if she observed all the past private signals. There

is no loss of payoff associated with not observing information directly, or with not observing the

whole string of past players.

2.2 Heterogeneous Preferences

Now, suppose that players no longer share the same payoff function. Some players get large

penalties for making mistakes when the state of the world is L, and small penalties for mistakes

when the state of the world is R, and other players are the opposite. More specifically, for an

ε ∈ (0,1/2), suppose that for odd player i ∈ {1,3,5, ...},

ui(ai,θ)=


1, if (ai,θ) ∈ {(`,L), (r,R)};

1− γ

1−γ , if (ai,θ)= (r,L),

0, if (ai,θ)= (`,R).

For even players i ∈ {2,4,6,8, ...},

ui(ai,θ)=


1, if (ai,θ) ∈ {(`,L), (r,R)};

1− γ

1−γ , if (ai,θ)= (`,R),

0, if (ai,θ)= (r,L).

Those preferences are represented in Figure 1 below. In this case, odd players will optimally

take action r when their posteriors are larger than γ, and ` otherwise, whereas even players will

take action r when their posteriors are larger than 1−γ, and ` otherwise.

Just like in the homogeneous preferences case, the first player will take action ` if she gets a

perfectly informative signal telling her the state of the world is L, and r otherwise.

If P2 observes P1 took action `, he will also take action `. If he observes that she took action

r, he will update his belief towards 1. For small values of φ or γ3, this new posterior will be below

1−γ. Therefore, if on top of observing P1 taking action r, P2 gets an uninformative signal, he

will take action `. If he observes a perfectly informative signal, he will match the state.

In other words, the only scenario in which P2 takes action r is when he observes a perfectly

informative signal revealing the state to be R4. This mirrors the behavior of P1, that only takes

3More specifically, if γ< 1−2ε(1−φ)−φ
2−(1−2ε)φ .

4Note that it cannot be the case that P1 takes action ` and P2 receives a signal revealing the state to be R. This
happens because P1 only takes action ` when the state of the world is L, and in those cases, P2 never receives the
signal in question.

7



P(θ = R)
10

0

11
1− γ

1−γ

1−γ
r

`

10

1− γ

1−γ
11

γ

`

r

i odd i even

Figure 1: Graphical representation of the payoff functions in the anti-herding game.

action ` upon receiving a perfectly revealing signal that confirms the state to be L.

An induction argument therefore can be made that, in equilibrium, odd players take action `

upon seeing si = L and r otherwise, whereas even players take action r upon seeing si = R, and

` otherwise. Their actions, therefore, only reflect their private signals. They do not reflect any

information about the action of their predecessors. Information fails to accumulate, and people

are as well off as they would be if they only observed their private signal. Observational learning

has zero value.

This phenomenon stands in stark contrast to the herding models, started in Bikhchandani

et al. (1992) and Banerjee (1992). In those models, the action of the past players are so informa-

tive about the state of the world that all of successors will copy them. Action stop reflection their

private signals, which is the exact opposite of what happens in the model in this subsection. This

is why this model is dubbed the Anti-Herding Model.

The fact that players only observe their immediate predecessor plays an important role here.

Since the obstruction to social learning comes from actions not reflecting past play, if agents could

observe all previous actions, there would be no obstruction. Eventually agents would take the

full-information action. The failure stems from the combination of heterogeneity of preferences

and not observing the entirety of the history of actions taken.

A similar model to this was introduced in Lobel and Sadler (2016), but with significant differ-

ences. The signal structure generates a full support of posteriors, which allows for some value to

observational learning, even if agents’ equilibrium payoffs do not converge to the full information

one. That paper does not focus on understanding sufficient and necessary conditions for asymp-

totic learning of a general game, but rather on comparative statics related to the sparsity and

homophily of the observational structure of this stylized game.

Even though the payoffs portrayed in Figure 1 are significantly different for odd and even

players, there could be a version in which γ becomes arbitrarily close to 1/2, and the payoffs

become arbitrarily close to the one in the homogeneous preferences case. As long as φ and ε are

small enough, the analysis and the conclusions would be identical.

This is, of course, a highly stylized model. A natural question is how generalizable this insight

is. The next session defines a much more general version of this model, which is analyzed in the

subsequent sessions.
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3 Model

At each (discrete) time period, a different player, indexed by i, makes a single decision. i denotes

both the player and the time period. Player i has a finite set of actions A i available to her, and a

payoff function ui : A i×Θ→R, that depends on the action chosen, ai, and on the true state of the

world, θ ∈Θ. It is assumed that there are finitely many states of the world.

Agents can have different utility functions, but they are all uniformly bounded by a certain

M. Unlike in Smith and Sørensen (2000), payoff functions are common knowledge, which rules

out the confounding effect present in that paper. It is assumed that for all states of the world,

there is a uniformly strict best response, such as stated in Assumption 1.

Assumption 1. For every state of the world θ ∈Θ, there is a uniform strict best response. In other

words, there exists an ε > 0, such that for all agents i, and all states θ, there exists an action

aiθ ∈ A i for which

ui(aiθ,θ)> ui(a′,θ)+ε

for all a′ 6= a.

The true state of the world θ is unknown. All players share a common prior µ ∈ ∆(Θ)5. It is

assumed that each agenti receives a signal si ∈ S, which generically depends on the distribution

of states of the world, and on the action of the predecessor.

Each signal is identified as the posterior that it induces on a Bayesian player with prior µ. For

example, if si = δθ, where δθ is the Dirac-distribution that assigns weight 1 to the state θ, then

the signal that i received perfectly reveals the true state of the world to be θ. It is also assumed

that signals can be arbitrarily precise, which is formalized on Assumption 2.

Assumption 2. Signals can be arbitrarily precise. That is, for all θ ∈Θ, δθ ∈ suppFθ.

Furthermore, for every δ> 0, there exists an εδ > 0 such that, for all i > Iδ, and for all θ,

liminfFi
(
{µ̃ : ||µ̃−δθ|| < δ}

)> εδ

The first condition in Assumption 2 says that signal structures are unbounded. This condi-

tion will play the same role as in Smith and Sørensen (2000), ruling out herdings. The second

condition ensures that there are no neighborhoods around precise beliefs whose probabilities con-

verge to zero. For example, a scenario in which player i gets a perfectly informative signal with

probability 1−1/i and a perfectly informative signal with probability 1/i is ruled out.

Assumption 3 states that no player is perfectly informed just by observing their own signal.

This assumption rules out some situations in which the analysis is trivial.

Assumption 3. The signal structure is non-trivial, that is, it is never perfectly informative.

On top of the private signals, each agent i observes the action chosen by her predecessor

i−1, and no one else’s (with the obvious exception of the first player i = 1, who does not observe

5Section 8.2 shows that the model is easily extendable to a heterogeneous priors model.
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anyone’s actions). This modeling choice, even if present in Acemoglu et al. (2011), is dissonant

from most of the literature, but is not necessary for the results. It is made to significantly simplify

notation. A version of the results without this assumption is available on Section 8.3, and they

have qualitatively similar ideas to the main versions of the results.

Definition 1. The vector composed by the space of uncertainty Θ, the sequence of action spaces

{A i}i∈N, the sequence of utility functions {ui}i∈N and a sequence of signal structures F is a game
G :

G =<Θ, {A i}i∈N, {ui}i∈N, {F}i∈N >

All players are Bayesian, and in equilibrium they choose their actions in order to maximize

their expected payoff given the information that is available to them. Player i’s strategy is there-

fore a mapping of their information into actions, σi : Si × A i−1 → A i, and a strategy profile is a

collection of all players’ strategies: σ=×i∈Nσi. The equilibrium notion is rationality.

If players could observe the precise information of their predecessors, the accumulation of

information would be trivial. It would be akin to the situation in which player i observes all

signals revealed thus far. As players get an arbitrarily large number of signals, they should even-

tually learn the state of the world, and therefore take the correct action in the limit. Information

accumulation throughout generations would be seamless.

Nonetheless, observing actions instead of information acts as a filter. Player i cannot distin-

guish between the pieces of information that would all lead to the same action of i−1. The central

question in the social learning literature is how much that filtering hinders information accumu-

lation. To make that analysis, there needs to be a benchmark for information accumulation,

which is the concept of asymptotic learning.

Definition 2. The model features adequate learning if, in equilibrium, agents get arbitrarily close

to the perfect information payoff. That is, for every θ ∈Θ,

|ui(σi,θ)−max
a∈A i

ui(a,θ)|→p 0,

where, with a slight abuse of notation, ui(σi,θ) represents the expected payoff induced by strat-

egy σi in equilibrium.

3.1 Discussion

Using an argument based on the Martingale Convergence Theorem, Smith and Sørensen (2000)

uses the unbounded signal structure assumption is sufficient for adequate learning to be achieved

in the case of the whole string of predecessors’ actions is observed by each players, when they all

share the same two-states, two-actions payoff function.

Acemoglu et al. (2011) takes a step further and proves the same positive result for the case

in which only a subset of the predecessors is observed. Under this structure, the Martingale

Convergence Theorem is no longer applicable, and they use instead the Improvement Principle.

This principle states that all players have a strategy available which is to copy their predecessor.
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If they chose it, they would be doing at least as well as their predecessors. Nevertheless, they

choose not to, which means that they must be doing better.

It is not surprising that the results from Acemoglu et al. (2011) can be extended to a more

general homogeneous preference setting.

Proposition 1. Suppose preferences are homogeneous, that is, ui = u j∀i, j. Then, the model

features adequate learning.

Proof. This is a direct corollary of Theorem 2.

Even though this result is not surprising, it is an important benchmark to which the het-

erogeneous preference case should be compared. This paper is dedicated to understanding the

role of preference heterogeneity as an obstacle for information aggregation. The next section, the

Gaussian World Example, illustrates these channels.
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4 Gaussian World Example

The space of uncertainty has two dimensions, Θ=Θ1 ×Θ2 =R2. Player i takes an action ai ∈R.

Agent i’s payoff function is quadratic loss onto dimension wi, that is,

ui(ai,θ)=−(ai −wi ·θ)2,

where · is the inner product operator, and wi is a unitary vector that represents the weights

that player i can assign to the different dimensions of the state of the world. Throughout this

section, vector wi will be called i’s preference vector. It is without loss to assume that the first

element of wi is positive: wi · (1,0)≥ 0, and that wi 6= (0,−1)6, and that ||wi|| = 1.

One can think of many plausible stories that would fit this stylized model. For example, sup-

pose there is a portfolio of investments available for agents to buy or sell. There are two dimen-

sions that define the profitability of that portfolio: public health (if there is a raging pandemic),

and intensity of climate change (droughts, floods...). In this case, Θ1 represents the current state

of the COVID pandemic, and Θ2 represents climate conditions.

Positive values for ai means that agent i decided to be in a long position, whereas agents with

negative actions take on a short position.

Agents can have different relative degrees of exposition to COVID and the climate. For in-

stance, some agents are soy bean farmers and some agents work for a virtual conferencing soft-

ware. Even though both these categories of agents are exposed to both COVID and weather

conditions, their relative level of exposition is different. This is capture by each agent’s payoff

vector wi.

The state follows a multivariate Gaussian distribution:

θ ∼ N(0, I),

and each player receives a signal

si = θ+εi,

where ε is a white noise:

εi ∼ N(0,Σ).

It is assumed, without loss, that Σ is a diagonal matrix7.

All that was described so far is common knowledge to all players, including their payoff vec-

tors.

It is well-known that the best response of player i is to take the action equal to the expected

value of wi ·θ. For instance, Figure 2 graphically represents the best response of two different

6This is because it is always possible to relable w̃i =−wi and actions ãi =−ai .
7It is without loss because it is always possible to rewrite Σ = QΛQ′, where Q is an orthonormal matrix and Λ a

diagonal matrix. By changing the basis of the problem from the canonical to the one represented by Q, the variance-
covariance matrix would thus be Λ, diagonal.
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Figure 2: Best Response at Certainty in the Gaussian World.

players when they know that the state of the world is θ. Player i would like to project the point θ

onto the dimension defined by the vector wi, and take the action ai that reflects that projection.

Since players i and j have different preference vectors, they will choose different actions under

certainty.

In this model, any sort of lingering heterogeneity in preference vectors will hinder adequate

learning, as is made clear by Proposition 2.

Proposition 2. The Gaussian World Example features asymptotic learning if and only if the

preference vectors converge to being collinear, that is,

lim
i→∞

|wi ·wi+1| = 1

Whereas the formal proof can be found in Appendix 1, the intuition for the result can be

graphically conveyed. In Figure 3, the red vector represents the preference of the predecessor,

and the blue one, that of the successor.

Both players i − 1 and i care about public health and about the climate, but in different

ways. The predecessor assigns a higher weigh to dimension Θ1 than the successor. That is,

she relatively cares more about COVID than the predecessor. Maybe i−1 works for an airline

company, whereas i is a soybean farmer.

First, let’s look at the only if direction. Suppose that adequate learning is achievable, and

player i−1 is arbitrarily close to full information payoff. For the sake of the argument, suppose

he is at the full information payoff. Knowing that, player i will observe i−1’s action, and learn

that the state of the world lies somewhere along the dark dashed line in Figure 3. He will not be

able to distinguish between θ and θ′, for example.

We can do a change of basis from reflecting “Covid and Weather" to a new preference-based

basis. That is, it is possible to pick a new basis (φ1,φ2) such that the vector wi−1 lies on the φ1

axis. In this case, player i−1’s action will perfectly reveal the φ1 dimension of the state of the

world, but nothing about the φ2 dimension.
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Figure 3: Visual Interpretation of Proposition 2.

Nevertheless, player i cares about both dimensions φ1 and φ2. The variance of the projection

of the interim belief of θ onto wi will not be zero, and will remain bounded away from zero after

incorporating the private signal i receives. In other words, player i will not get a payoff close to

zero in his best-case scenario (his successor being perfectly informed), and then there cannot be

adequate learning as long as the preference vectors do not converge.

This means that, even though the process of information aggregation worked very well until

agent i−1, part of that information will be lost between periods i−1 and i. The heterogeneity of

information is associated with that loss of information accumulated throughout generations.

Notice that, were the vector of the successor w̃i = −wi−1, that problem would not have hap-

pened. In that case, player i also would not care about dimension φ2, so that loss of information

would not be associated with a lower payoff for agent i. What matters is not that the two players

have the exact same preferences, just that they convey the same information.

Also, if i observed the whole string of agents (instead of only the predecessor), he would have

access to a much more information. i would then have at least as good information about the φ2

dimension as i−1. The “deletion of information” would not happen.

The if direction, that is, proving that there is asymptotic learning if all players share the same

preference vector wi, is simpler. Since in this model all the variables are Gaussian, the posteriors

of the players will always be Gaussian. Since there is no uncertainty about the variance, and

since the best response of a player will be the expectation of w ·θ, a successor can perfectly back

out the posterior of the predecessor, which is a sufficient statistic for all the signals received by

all players so far. There is not only adequate learning, but the aggregation of information is as

good in this model as in a situation in which a player could perfectly observe all signals received

by all players before him.
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4.1 Discussion on Technical Assumptions of the Gaussian World Example

It is important to remark that the Gaussian World Example has a couple of technical differences

to some of the other models considered in this paper.

First of all, it is not the case that players have arbitrarily precise signals. That is, Assumption

2 does not hold. To see this, notice that the variance of the posterior for the players are determin-

istic in the Gaussian World Example, since all variables follow Normal distributions with known

variances. Not only that, they will always be strictly greater than zero (even if they can approach

zero in case of asymptotic learning). The posterior variance for any individual player is bounded

away from zero.

This is not a problem, though. The only role that Assumption 2 plays in the main results of

this paper is to prevent herdings (as an extension of the results in Smith and Sørensen (2000)).

Because of the deterministic property of the Gaussian updating of beliefs, herdings are impossible

in this scenario (see Appendix 1 for more details), therefore Assumption 2 is dispensable.

Also, for Theorem 2 onwards, it will be assumed that the set of states of the world and that

the action space is finite. This assumption will be necessary for the algorithm used in Theorem

2 to converge. The theorems they refer to talk about robust learning, that is, the existence of

asymptotic learning for all non-trivial, non-herding signal structures. Since the Gaussian World

Example only considers a very specific subset of all possible signal structures, those results do

not apply to this case, and therefore the finiteness assumptions are not necessary.
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5 Asymptotic Learning for Some Signal Structure

The Gaussian World Example illustrates the impacts of heterogeneity of preferences on informa-

tion aggregation. Informally, if even in the case of a perfectly informed predecessor, which should

be eventually approximated if there is adequate learning, player i is not perfectly able to acquire

all information necessary to inform his decision by observing player i−1’s action.

The goal of this section is to make the notion of “information necessary to inform his decision”

precise in order to get a necessary condition for adequate learning. In other words, it is to find

a condition on the sequence of preferences for which we can find a non-trivial (that is, never

perfectly informative) unbounded signal structure that leads to asymptotic learning.

Definition 3. A best-response correspondece for player i is a mapping BRi :∆(Θ)â A i such that

BRi(µ̃)= argmax
a∈A i

Eµ̃[ui(a,θ)]

Because of Assumption 1, the best response correspondence is always unitary for beliefs that

assign probability 1 to a specific state of the world. That is, |BRi(δθ)| = 1 for all i,θ.

Definition 4. Given ui and Θ, player i’s informational content of behavior at certainty is a

partition X i of Θ such that

BRi(δθ)= BRi(δθ′) ⇐⇒ ∃x ∈ X isuch that θ,θ′ ∈ x,

where δθ represents the Dirac-belief on state θ.

A player’s informational content of behavior at certainty is a family of sets. It represents the

inverse of the optimal behavior of i if she was perfectly informed. If player i would take action

a∗ both if she assigned probability 1 to the state of the world being θ and to being θ′, then θ and

θ′ belong to the same elementx of X i.

To make it more concrete, Figure 4 illustrates what the informational content of certainty

looks like in the sec:gaussex]Gaussian World Example. If agent i is perfectly informed, she takes

the same action for all states that share the same projection onto wi. The loci of those states are

elements of X i, the set of all lines that are perpendicular to wi. In Figure 4, each dashed black

line is an element of X i.

The concept of informational content of behavior at certainty represents that intuition of what

aspects of the world a player care about. If two states belong to the same x ∈ X i, then the player

that assigns probability 1 to event x has no use to any further information. On the other hand,

their behavior cannot be informative about distinctions within x.

These partitions can be more or less similar to each other, and this similarity will impact the

usefulness of information transmission of perfectly informed agents. In order to make that intu-

ition clear, we need a function that measures the distance between two informational contents at

certainty. That is, a metric on the space of partitions of Θ.

May P (Θ)= 2Θ\;, that is, the power set of Θ excluding the empty set.

16



Θ1

Θ2

wi

θ

Figure 4: An illustration of the informational content of a player from Gaussian World Example.

Definition 5. The entropy of a partition X of Θ is a function H : P (Θ)→R such that

H(X )=−
∫

x∈X
µ(x) logµ(x)dx

Definition 6. The mutual information of two partitions X and Y is a function I : P (Θ)2 →R such

that

I(X ,Y )=
∫

x∈X

∫
y∈Y

µ(x, y) log
µ(x, y)
µ(x)µ(y)

d ydx

Definition 7. The variation of information between two partitions X and Y is a function V I :

(P Θ)2 →R such that

V I(X ,Y )= H(X )+H(Y )−2I(X ,Y )

Because the action space and the state space are finite sets, entropy has to be finite, and

therefore the Variation of Information is well-defined. For the results in Theorem 1, finiteness of

A i and Θ are not necessary. It is possible to establish the same result, as long as it is assumed

that H(Θ) is finite.

The definitions of entropy and mutual information are standard in the Economics literature,

but Variation of Information is a less common concept. It is useful because it is a metric, as

proved by Meila (2007).

Proposition 3. Variation of Information is a metric of the space P (Θ).

Proof. See Meila (2007).

(Shannon) Entropy is a measure of the amount of uncertainty in a random object, and mutual

information measures how much about one random object one can learn from observing another

random object. If two random objects are independent of each other, their mutual information is

zero. The mutual information between a random object and itself is its entropy.

Variation of Information, as the name suggests, is an information-based measure. It com-

pares the information revealed by two different random objects. This is a natural intuition for
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Figure 5: Graphical intuition for the proof of Theorem 1

a social learning setting, where the interactions between agents are purely through information

externalities of their own actions.

Variation of Information is not necessarily the only metric that could be used in this setting.

At first glance, a reader could expect that differences in informational content of behavior

at certainty are not a barrier to asymptotic learning as long as the signal structure is suffi-

ciently informative. Since Proposition 1 states that, in the homogeneous preferences case, there

is asymptotic learning, maybe there is some sort of continuity, and small heterogeneities in pref-

erences can be overcome by more informative private signals, so that asymptotic learning would

still be achievable. As Theorem 1 below states, this intuition is false.

Theorem 1. Fix a sequence of preferences {ui}. There will be some non-trivial signal structure

{Fi} for which the game <Θ, {A i}, {ui},F > has asymptotic learning if and only if the sequence of

informational contents at certainty converge, that is,

V I(X i−1,X i)→ 0.

Proof. View Appendix 2.

The intuition behind the proof is reflected on Figure ??. In that figure, the amoeba-shaped

set represents the set of all states of the world, Θ. The red lines represents the partition of the

predecessor, X i−1, and the blue lines represent the partition of the successor, X i.

Suppose that asymptotic learning has been reached, such that player i−1 will always take the

correct action. For the sake of the exercise, suppose the successor observes that the predecessor

took the action compatible with the lower-left partition. This reveals that the state of the world

is in that partition.

If the intersection between the lower-left partition of the successor and the lower-left partition

of the predecessor are large enough, then there is a very high probability the predecessor is going

to receive a signal that will lead him to take the action compatible with it. But there is always

a chance that the true state of the world is in the yellow zone, the “discrepancy area”, in which

case agent i would be failing to maximize his payoff.

Since this mistake happens with strictly positive probability in the best-case scenario, it can-

not be the case that the model features adequate learning.
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The intuition for the other direction is trivial. Suppose there is a signal structure for which

the induced posterior support is very close to being a full-information support. This signal struc-

ture will lead to asymptotic learning.

5.1 Discussion

Theorem 1 establishes a very strong negative result. If there is any lingering heterogeneity in

behavior when agents are perfectly informed, then the observational process will not be able to

lead to asymptotic learning if the players are not perfectly informed.

This suggests that the traditional results of information aggregation are knife-edge. If one

adds a little bit of heterogeneity of preferences at certainty, the result breaks.

Nevertheless, the last statement is only made about the benchmark case of asymptotic learn-

ing. It can still be the case that, in the limit, agents’ payoffs are going to be very close to the

perfect information case, even though it will not converge to it.

Section 6 shows a result that says that, as long as there is some heterogeneity, and it does

not have to be just at certainty, it is possible to construct a signal structure for which infinitely

many players are going to be arbitrarily close to the payoff they would get if they observed no

other players. That is, heterogeneity will completely obstruct social learning for some unbounded

signal structure.

6 Asymptotic Learning for All Signal Structures

Theorem 1 gives a necessary and sufficient condition for asymptotic learning to be possible for

some non-trivial signal structure. A natural question that comes from this statement is whether

that condition is necessary and sufficient for asymptotic learning for every signal structure.

The answer is no, and the Anti-Herding Example is a counter-example. In that version of the

model, all agents would match the state of the world if they were perfectly informed. That is, they

all share the same informational content at certainty, X i = {{L}, {R}}. Nevertheless, as shown in

Section 2, there is no asymptotic learning.

Figure 6 below gives an intuition why information aggregation fails for that case. For all

players i, the support of distribution of interim is given by two points: {P(θ = R | ai−1 = `),P(θ =
R | ai−1 = r)}, represented by the black dots in the graph. For all players, these two beliefs belong

to the same belief basin, that is, they would lead to the same action. In the contingency that

player i gets an uninformative signal, his action will “merge” these two points and thus obfuscate

past play.

Those dynamics happen not at the border of the belief space, but rather at the interior. The

conditions in Theorem 1 only impose restrictions on optimal behavior at the border of the belief

space, and therefore that theorem fails to account for the kind of phenomena present in the Anti-

Herding Example.

In other words, agents’ actions fail to convey the level of certainty that they have about the

state of the world. Since different agents require different levels of certainty to take action ` vis-
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Figure 6: Representation of the Anti-Herding Example.

a-vis action r, observational learning fails to convey an important piece of information to inform

decision-making.

6.1 Robust Adequate Learning

The Anti-Herding Example suggests that the level of precision that is conveyed by a player’s ac-

tion plays a big role in ensuring adequate learning. When observing the action of the predecessor,

a player can infer what are the possible beliefs that would have led the predecessor to take that

action. These beliefs form the belief basin of an action.

Definition 8. The belief basin of action a for player i is Bi(a)⊆ δ(Θ) such that

Bi(a)= BR−1
i ({a}),

with BR−1
i being the upper inverse of the Best Response Correspondence.

A certainty belief basin is a belief basin for an a such that there exists a θ for which a =
BRi(δθ).

For example, in the Anti-Herding Example, the belief basin for ` is [0,1−ε] for odd players

and [0,ε] for even players.

When the belief basins do not line up perfectly, there is always chance of “contagion” as in the

Anti Herding Example. By assigning more mass on one side of the misalignment or on the other,

the signal distribution can induce different actions to the successor that gets an uninformative

signal.

In other words, that example suggests that for certain sequences of preferences with some

level of heterogeneity that does not vanish, it will be possible to construct information structures

for which adequate learning will not be possible.

20



6.2 Theorem 2: Sufficiency

Definition 9. A sequence of payoff structures {ui} has robust adequate learning if the game

<Θ, {A i}i, {ui}i, {Fi}i > features adequate learning for any signal structure {Fi}i that is unbounded

and that does not have vanishing informativeness (as in Assumption 3).

Theorem 2 below establishes a necessary and sufficient condition on the sequence of payoff

functions for robust adequate learning. Before it is stated, it is important to formalize some

definitions.

Definition 10. The family of subsets of ∆(Θ), Ci, is a coarsening of i’s preferences if:

• the closure of its union is the whole belief space:

¯∪c∈Ci c =∆(Θ), and

• for each c ∈ Ci, there exists a subset Ac
i ⊆ A i for which

– c is formed by agglutinating the belief basins of the elements of Ac
i :

c =∪a∈Ac
i
Bi(a), and

– there are different actions associated with each c ∈ Ci:

c 6= c′ ⇒ Ac
i ∩ Ac

i =;

A coarsening of player i’s preferences is convex if all of its elements are convex sets.

A coarsening of player i’s preferences limited to E ⊆Θ is a family of sets C̃i ⊆ ∆(E) for which

there exists a coarsening of player i’s preferences Ci such that

c̃ ∈ C̃i ⇐⇒ ∃c ∈ Ci such that c̃ = c̄∩ {µ̃ ∈∆(Θ) : µ̃(E)= 1}.

In other words, a coarsening if i’s preferences are the preferences of a player ĩ constructed by

agglutinating i’s belief basins. To better understand the definition, Figure 7 illustrates it.

In the example in that figure, there are three states of the world, Θ = {θ,θ′,θ′′}. The first

triangle represent the belief basins of a player i, and the second and third triangles represent

two different coarsenings. The gray coarsening, consisting of the gray diamond and the white

triangle, is achieved by agglutinating all belief basins except the top one, and the blue coarsening,

consisting of the blue and the white sets, is formed by agglutinating all beliefs except the bottom

left one.

The fourth triangle is an example of something that is not a coarsening. This is because

the bottom middle belief basin intersects both the white and the pink shapes. For a set to be a

coarsening, all belief basins of the player must be subsets of an element of the coarsening.

Furthermore, the gray coarsening is also convex, whereas the blue coarsening isn’t. This is

because the blue set is not convex.
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Figure 7: An example of the concept of preference coarsening.

Finally, the green and the orange segments represent the coarsening (c) limited to E = {θ′,θ′′}.
That is, they are both subsets of ∆({θ′,θ′′}). The gray set is obtained by intersecting the closure

of the white set with ∆(E), and the purple set, by intersecting the closure of the orange set with

∆(E).

An interpretation for a preference coarsening is to create categories for actions. For instance,

suppose that there are two restaurants people in a village can go to, an Argentinean (A) restau-

rant and a Brazilian (B) restaurant. An action could be defined by the pair restaurant-dish

ordered. For instance, ordering a parillada at the Argentinean restaurant or a feijoada at the

Brazilian restaurant. The action space would be, for instance, {Argentinean parillada, Argen-

tinean empanada, Brazilian feijoada, Brazilian pão de queijo}. A coarsening would be to aggre-

gate all the dishes from the same restaurant, creating a new, coarser, action space defined by

{Argentinean, Brazilian}. In order for there to be some preferences that rationalize the aggluti-

nation, it needs to be convex8.

The convexity requirement can be easier to be met in lower dimensions. For example, in

Figure 7, the blue aggregation is not convex. But if agents assign probability zero to state θ, their

beliefs will necessarily lie on the bottom edge of the triangle. Restricted to the edge {θ′,θ′′}, the

coarsening becomes the gray and the purple segments, which are convex. So the blue coarsening

restricted to {θ′,θ′′} is convex, even though the (irrestricted) blue coarsening is not.

Theorem 2 considers the case in which there is a sequence of coarsenings that converges, and

the element it converges to is convex. That limit element can be identified with the preferences

of a fictitious player. That situation approximates the homogeneous case in which all players

share the same preferences as that fictitious limit player. Therefore, the informational content at

certainty of that player can be learned, and there will be asymptotic learning.

That process can happen through an iterative fashion though. Consider the stylized example

illustrated in Figure 8. There are three states of the world, {θ,θ′,θ′′}. Preferences of the even-

numbered players are represented by the belief basins drawn on the left triangle, and those of

the odd-numbered players, by the ones on the right triangle.

First, it is possible to define a sequence of coarsenings given by { top triangle, gray diamond}

8It is not true that all convex partitions of a belief space can be rationalized by a payoff function. Nevertheless, it
is true if that convex partition was obtained through a coarsening process of pre-existing preferences. This point is
made in more details in Appendix 3.
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in Figure 8. These coarsenings agglutinate all belief basins except for the top triangle for all

players. Since the sequence is {{ top triangle, gray diamond},{ top triangle, gray diamond},{ top

triangle, gray diamond}, ...}, it is just a repetition of that same element. It trivially converges.

The limit of that sequence is that same coarsening { top triangle, gray diamond}. Both the top

triangle and the gray diamond are convex sets, so the sequence converges to a convex coarsening.

This convex coarsening represents the preferences of a fictitious player that only has access to

two actions, and that would optimally take one action if his belief on θ was above a threshold,

and the other action otherwise. Theorem 2 says that eventually players are going to be able to

learn if the event of the world is {θ} or {θ′,θ′′}.
Second, notice that there is no sequence of coarsenings that converges to a convex coarsening

that has δθ′ and δθ′′ belonging to different elements. If the limit element includes δθ, it must

include the whole extreme belief basin that it belongs to for all players. Since the limit element is

convex, it must include the two diamond-shaped basins that border the aforementioned extreme

belief basin for the even players. But that means that it must also include the large central

basin for the odd player, and therefore the third diamond-shaped basin of the even player. Again,

because of convexity, it must include the extreme belief basin that contains δθ′′ .

That means that one cannot directly use the same argument that we used to say that {θ} can

be learned to say the same for {θ′}. Nonetheless, it is still the case that θ′ will be distinguished

from θ′′. We know that the state {θ′,θ′′} will eventually be learned, which means that, if the true

state lies in that event, eventually the beliefs of the players will belong to the bottom edge of the

triangles.

Figure 8 projects that bottom edge onto the two colorful segments below the triangles. The

segments represent the belief space ∆({θ′,θ′′}), and the colors represent the intersection of the

closure of each belief basin with ∆(θ′,θ′′). We can now use the same procedure from the first

part and generate a coarsening that combines the two orange areas and the pink area of the odd

players, that is, {{blue}, {orange, pink, orange}, {green}}. For the even players, the coarsening is

just the preferences restricted at {θ′,θ′′}, that is, {{blue}, {pink}, {green}}. These two coarsenings

are the same and convex, so there is convergence, and δθ′ and δθ′′ belong to different elements of

the limit coarsening. Therefore, players will be able to tell θ′ and θ′′ apart, and perfectly learn

the state of the world.

That intuition is formalized below.

Definition 11. A sequence of coarsening of preferences {Ci} converges to a family of belief basins

C if, for each belief basin b ∈ C, there exists a sequence of elements cb
i ∈ Ci such that cb

i → b 9.

Definition 12. An event e ⊆ E ⊆ ∆(Θ) is separated at E is there exists a preference C and a

subsequence of preference coarsenings C̃ j limited to E such that:

• the complement of the subsequence is sparse. That is, may K ⊂N be the set of elements of the

original sequence not in the subsequence (K =N\Im( j)). Then, limk→∞ |{`∈K :`≤k}|
k = 0.

• C̃i converges to C;
9The notion of convergence used here is the one based on the Hausdorff metric.
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Figure 8: Example of iterative separation.

• C is convex;

• there exists an element c̃e ∈ C such that {µ̃ ∈∆(Θ) : µ̃(e∩E)= 1}⊆ c̃e and {µ̃ ∈∆(Θ) : µ̃(e∩E)=
0}∩ c̃e =;.

Let’s break down the definition above. It starts by assigning probability 1 to event E ⊆∆(Θ),

and finding a sequence of coarsenings C̃i. This sequence must be equipped with a subsequence

that is non-sparse (that is, the share of people that do not appear in that subsequence converges

to zero) and that is convergent to a certain convex family of sets C. Furthermore, there must be

an element in C that contains all the beliefs that assign probability 1 to state e and none of the

beliefs that assign probability 0 to e.

In the first round form example in Figure 8, E is the entire set Θ, the first event to be sep-

arated is e = {θ′,θ′′}, the sequence of coarsenings is {{ white triangle}, {gray diamond}}, that con-

verges to C = {{ white triangle}, {gray diamond}}. All the beliefs that assign probability 1 to event

{θ′,θ′′}, that is, the bottom edge, are contained in the gray diamond; and all the beliefs that assign

probability zero to {θ′,θ′′}, that is, {δθ} belong to the white triangle. Therefore, {θ′,θ′′} is separated

at Θ. By the same argument, we can say that its complement, {θ}, is also separated at Θ.

For the second round, E = {θ′,θ′′}, e = {θ′}, the sequence is {{blue}, {pink}, {green}, {blue}, {orange,

pink, orange}, {green}} infinitely-many times, that converges to a limit C. All the beliefs that as-

sign probability 1 to {θ′} are in the blue set, that belongs to C, and all the beliefs that assign

probability 0 to {θ′} are in the green set, that belongs to C as well. Therefore, {θ′} is separated at

{θ′,θ′′}.

Proposition 4. Suppose e is separated at E. Then, there exists a partition P of E such that:

• e belongs to P, and

• all elements of P can be separated at E.

Proof. See Appendix 3.

In the example discussed, all elements of the partition {{θ}, {θ′,θ′′}} can be separated at {θ,θ′,θ′′},
and all elements of the partition {{θ′}, {θ′′}} can be separated at {θ′,θ′′}.
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Definition 13. Partition Y of Θ is the learnable partition for the game G if it is the outcome of

the separation algorithm, which is described below:

1. set t = 0 and S0 = {Θ};

2. Consider each element E ∈ St, and find the finest partition of E such that all of its elements

can be separated at E. Call this partition P t
E.

3. Set St+1 =∪E∈St P
t
E. (St+1 is itself a partition of Θ)

4. Stop if St+1 = St. Otherwise, advance one step on t and return to step 2.

Since Θ is finite, the algorithm above has to stop after at most 2|Θ| steps, and therefore the

learnable partition is well-defined. Also, E is always separable at E, since we can always take

the coarsening {∆(Θ)} for all players.

To reinforce those definitions, the separating algorithm would work as following for the dis-

cussed example from Figure 8:

1. t = 0 and S0 = {Θ}.

2. P0
Θ
= {{θ}, {θ′,θ′′}}, since each element in that partition is separable at Θ.

3. S1 = {{θ}, {θ′,θ′′}}.

4. S0 6= S1, so we advance one period and now t = 1.

5. The only partition possible for {θ} is itself, so P1
{θ} = {θ}. We know that all elements of

{{θ′}, {θ′′} are separable at {θ′,θ′′}, therefore P1
{θ′,θ′′} = {{θ′}, {θ′′}}.

6. S2 = P1
{θ} ∪P1

{θ′,θ′′} = {{θ}}∪ {{θ′}, {θ′′}}= {{θ}, {θ′}, {θ′′}}.

7. S2 6= S1, therefore we advance to t = 2.

8. The only partition possible for each element of S2 is itself, therefore P2
{θ} = {θ}, P2

{θ′} = {θ′},
and P2

{θ′′} = {θ′′}.

9. S3 = P2
{{θ}} ∪P2

{{θ′}} ∪P2
{{θ′′}} = {{θ}, {θ′}, {θ′′}}.

10. S3 = S2, therefore the algorithm stops. The learnable partition is {{θ}, {θ′}, {θ′′}}.

Even though the specific path the algorithm runs is not unique, the learnable partition that

is its outcome is.

Proposition 5. The learnable partition is unique.

Proof. See Appendix 3.

Theorem 2 below states a sufficient condition for robust asymptotic learning. First of all,

the sequence of informational contents at certainty must converge: X i → X ; otherwise Theorem

1 says that there will be no asymptotic learning. In addition to that, X being the learnable

partition is a sufficient condition for robust asymptotic learning.
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Figure 9: Example for the construction of the proof.

Theorem 2. Fix the sequence of preferences {ui}i. Suppose that the sequence of informational

contents at certainty converges: Xn → X.

If the learnable partition is X, then there is adequate learning for all unbounded information

structures.

The proof is in Appendix 3, and a sketch of the proof using an example in Section 6.3.

An immediate corollary is that this result implies robust adequate learning for the homoge-

neous preferences case, generalizing the result in Acemoglu et al. (2011).

Corollary 1. If all players share the same preferences, and signal structure is unbounded, then

there will be adequate learning.

Proof. Take the sequence of coarsenings of preferences to be exactly the sequence of preferences.

Then, it trivially converges and it separates all states that are in different belief basins. There-

fore, it must produce X as the learnable partition.

6.3 Sketch of the proof of Theorem 2

This subsection discusses an example that illustrates the sufficiency direction of Theorem 2: if

X is the learnable partition and the information structure is unbounded, then there is adequate

learning. The full proof in Appendix 3 formalizes and generalizes the intuition conveyed in this

subsection.

Consider a game in which there are two states of the world, and two types of players, with

their preferences described in Figure 9. Type A has four actions available to her: blue, orange,

green and red; whereas type B has 5: blue, orange, green, red and black.

The relevant feature of this example is that it has the two extreme belief basins (correspond-

ing to the blue and the red actions) coinciding, but the remaining ones do not coincide. In fact,

type A has 4 belief basins and type B has 5.

Consider the coarsening in which we agglutinate all non-extreme belief basins. We can con-

struct a fictitious player, called “limit player”, that has preferences described by that coarsening,
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Figure 10: Observational structure of the altered version of the game.

just as in Figure 910.

We now construct a slightly altered version of the original game. There is the original se-

quence of players, each one observing its predecessor and receiving a private signal just like

before. On top of that, there is a sequence of homogeneous players, all sharing the same pref-

erences as the limit player. Each one of those limit players observes a censored version of only

one of the original players, and they do not get any extra information besides that. This struc-

ture is made explicit in Figure10, where (x → y) represents that player y observes some signal

measurable on player x’s action.

The goal of this proof is to show that the sequence of payoffs of the limit players will be con-

verging to that of a fully informed player. If that happens, it is because the actions of the original

players must be getting arbitrarily informative about the state of the world, and therefore they

must also be getting payoffs close to the full information one.

The limit players do not fully observe the action of the original player they share a period

with, but rather a censored version of it. If in the sequence of coarsenings used in the separation

algorithm, some belief basins of the original player were merged, then the limit player cannot

distinguish between the corresponding actions. In this example, the limit player observes if the

agents took the blue (extreme left) action, the red (extreme right) action, or one of the intermedi-

ate actions, but is unable to distinguish between any of the intermediate actions.

The limit players are sophisticated. They understand the structure of the game, and they not

only know the utility functions of all agents, but they also know they are common knowledge.

They understand the equilibrium structure, and they can derive the joint distribution of the

posteriors of the agent he is observing and of the state of the world.

Using Bayes’ rule, once a limit player observes an action, he updates his beliefs to become

the average posterior of the player observed conditional on the belief basin of that action. Since

he doesn’t observe anything else, that will be his posterior. Figure 11 represents a limit player

observing player i−1. The segment on the top represents the coarsening of the preferences of i−1,

and the dots the average belief on each of those sets. The limit player “inherits” those beliefs as

his posteriors and takes his preferred action. It is possible to calculate that limit player’s expected

payoff based on that.

10There are many preferences compatible with a single coarsening. Any one of those preferences will serve the
purpose of the proof.
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Figure 12: Limit player’s payoff from observing player i.

Now, if i observes i−1, she will form her interim beliefs the same way the limit player formed

his (bu being able to distinguish between the intermediary actions). But on top of that, she is

receiving an (unbounded) signal. Therefore, it is possible to calculate a distribution of posteriors

for i conditional on the action of i−1. This is represented in Figure 12. More specifically, the

segment on the top represents the distribution of posteriors for i conditional on i − 1 having

chosen the extreme left action. The mean of that distribution is the blue point. The blue “x”

symbols represent the average posterior of agent i conditional on both the action of player i

(either extreme left, the average between the intermediary actions, or the extreme right), and

the action of i−1 being extreme left: P(θ | ai,ai−1 = blue).

Now, suppose that the previous limit player, who knows that i−1 took the left action, is able

to also see i’s action. Then, his beliefs move from its original point (the blue circle) to one of the

blue “x” points. If he is not allowed to change his actions after updating the beliefs, then his

payoff cannot change. Graphically, the payoff given by the blue dot is the average of the three

payoffs given by the blue ⊕ signs.
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But if the limit player is allowed to switch his actions, then he would match the (censored)

action of player i, and there would be an associated gain of payoff given by the vertical blue arrow.

We can make the same argument for the limit player that observes any of the other actions

of i−1. Notice also that the average improved payoff is the same payoff of the limit player that

only observes i, since they always repeat the action of player i. In other words, a limit player is

better off observing i than observing i−1.

By creating this sequence of homogeneous players, we establish a version of the “improvement

principle”11 from the homogeneous preferences literature.

Furthermore, since the signals are unbounded, whenever the beliefs after observing i − 1

do not assign probability 1 to a specific state, there is the possibility to receive an arbitrarily

informative signal that will lead i (and therefore the limit player that observes i) to a different

belief basin. Those switches are associated with a strictly positive increase in expected payoff.

Based on that, an argument can be made that the sequence of expected payoffs of the limit players

is monotonically increasing, and it converges to the highest possible payoff, the full information

one.

We are not interested in the expected payoff of that fictitious limit player, but rather in the

expected payoff of the original sequence of players. But notice that, if the sequence of limit players

can get arbitrarily close to taking the correct action by observing a censored version of player i,

so can player i+1, who is strictly better informed than the limit player. In other words, if there

is asymptotic learning for the fictitious limit players, there will also be for the original players,

establishing therefore the result.

6.4 Theorem 3: Necessity

Theorem 2 establishes a necessary condition for robust asymptotic learning. Theorem 3 below

not only states that that same condition os necessary, but also quantifies how far away from

asymptotic learning players could be. It says that there will be an unbounded signal structure for

which infinitely-many players are going to be as close to the payoff they would get from observing

only their private signal as possible.

Definition 14. A subsequence { j} of {i} is non-sparse if the fraction of elements missing vanishes.

That is, if

lim
K→∞

1
K
|{k ∈ {i} : k 6∈ {i},k < K}| = 0

Theorem 3. Pick any ε > 0. Pick a sequence of payoff structures {ui}, such that the sequence

informational contents at certainty induced by {ui} converges: X i → X. Suppose also that there is

no non-sparse subsequence of {ui} that induces a learnable partition of X.

Then, there will be a prior and a non-trivial, unbounded signal structure for which the game

associated with it has a subsequence of agents whose equilibrium expected payoffs are ε-away

from the expected payoff they would get had they only observed their private signal, and a signal

perfectly revealing the events in the learnable partition.

11See Golub and Sadler (2016).
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In other words, social learning will breakdown infinitely often. There will always be a player

in the future that will extract almost zero value from observing his predecessor. Heterogeneity of

preferences, in the sense that it does not allow the separation algorithm to produce a learnable

partition of X , can be arbitrarily costly.

Of course, a consequence of Theorem 3 is that the learnable partition being X is a necessary

condition for robust asymptotic learning. Combining this with Theorem 2, we get Theorem 2.

Corollary 2. Suppose X i → X. There is robust asymptotic learning if and only if the learnable

partition is X.

The non-sparsity assumption rules out the situation in which heterogeneity disappears, ex-

cept for increasingly rare “crazy” players. The periods of (almost-)homogeneous agents get ar-

bitrarily long, and within those periods, asymptotic learning will eventually be approximated.

Since the “crazy” types agree with the other at certainty (otherwise we would not have the con-

vergence of X i), it must be the case that they eventually will “match” the action of the non-crazy

types, and information will be transmitted.

The role of the prior will be made more explicit in Section 7.

6.5 Sketch of the Proof of Theorem 3

There can be two reasons why the separation algorithm fails to produce a learnable partition of

X . It can be because the belief basins fail to converge, as is the case in the anti-herding example;

or it can be the case that they do converge, but to a coarsening that is not convex.

The way to construct an information structure that leads to failure can explore either of the

two types of failure. The Anti-Herding Example example illustrates how the first type acts: by

creating a signal structure that leads two different interim posteriors of player i to be in the same

belief basin, it is possible to “merge” the beliefs of the predecessor, leading to a loss in information

accumulated.

This section will show how the second type of failure, the non-convexity, can result in a failure

of information accumulation.

In this example, there are three states of the world, {θ,θ′,θ′′}. The goal is to create a cycle

where the distribution of posteriors of infinitely many players is going to be the same as the

distribution of posteriors of the first player.

Suppose the first player has the preferences describes in Figure 13. Her prior is the middle

point µ. The support of her posterior has six points. With a very small probability, she get

a perfectly informed signal, leading her belief to one of the vertices of the simplex. With the

remaining probability, she gets a signal that leads her to one of the other three points signaled in

Figure 13. The important feature of those points is that they lie on the “beak” of the belief space.

Suppose that Player 2, represented in Figure 14, observes that Player 1 took the “top” action.

He can infer that she received either the perfectly informative signal that revealed the state to

be θ, or the other signal that imperfectly moves her posterior towards θ. Since the latter is much

more likely than the former, the average interim belief of Player 2, signaled as µ̃.
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Figure 13: Payoff and Information Structure of the first player.
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Figure 14: Payoff and Information Structure of the Second Player.

He then gets his own signal, that can only be perfectly informative (with a very small proba-

bility) or can take her posterior to be one of the other three red dots in the figure. An important

feature of that example is that the interim belief is in an extreme belief basin, and also in the

convex hull of those three belief points, but none of the three belief points are in the extreme

belief basin. This is possible because the interim belief is in the convex hull of the complement of

the extreme belief basin.

A similar structure happens in case Player 2 observes Player 1 taking any of the other actions

he takes in equilibrium, which are represented by the colors green and blue.

Three of the belief points in the support lie on the boundary between the belief basins. For

these points, Player 2 is indifferent between two actions, and he takes each with probability 50%.

If Player 3 observes that Player 2 took one of the extreme actions, she knows that the only

belief on-path that would lead him to do so are the beliefs that assign probability 1 to a state, and

therefore she would learn the state. If instead Player 3 observes Player 2 taking one of the other

three actions, she knows that there are four beliefs on-path compatible with that action, so she

averages between them. The average belief is represented by the “+′′ sign on Figure 14.

Player 3’s preferences and possible interim beliefs are represented in Figure 15. She can

receive a perfectly informative signal with a very low probability, and a perfectly uninformative

one with the remaining probability. In this case, when Player 4 observers her, he will know that

extreme actions are only taken when Player 3 knows the state of the world, and the intermediate

action is taken when Player 3 has one of the beliefs marked as “+′′. The average of these three

beliefs is exactly the original prior µ, so that if Player 4 observes the intermediate action, his

interim belief will be identical to his prior. In other words, with a small probability Player 4 is
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Figure 15: Payoff and Information Structure of the Third Player.

perfectly informed, and with a large probability, his posterior is his prior.

It is easy then to construct an information structure for Player 5 that is similar to the struc-

ture of Player 1, but with an even smaller probability of perfectly informative signals, so that the

joint distribution of actions and states of Players 1 and 5 are identical. This way, the informa-

tiveness of Player 1’s actions and of Player 5 are the same, thus establishing a cycle.

Of course this is a highly-stylized example in which a cycle is possible to be generated within

a small number of periods. The formal proof for the result shows how to construct such an

information structure in a more general setting in which the learnable partition is coarser than

X .

The proof hinges on the possibility of increasing the probability of an uninformative signal to

“save” some probability mass for future periods that can be used to construct signals that will lead

the interim posteriors to either be in the “beak” (as in the example above) or in the “discrepancy”

regions (as in the Anti-Herding Example), and thus be able to “merge” interim beliefs.

Furthermore, the proof leverages the non-sparsity assumption to show that there exists a

finite number T such that those cycles can always be constructed within less than T periods. The

last player of the cycle will be the one that profits close to nothing from observational learning.

6.6 Discussion

One limitation in the structure of the proof ofTheorem 3 is that it relies on constructing informa-

tion structures that are not conditionally independent, let alone identical. It is not clear if it is

possible to construct a similar result by imposing those assumptions.

Besides that, the results says that there is some informational structure for which there is

no asymptotic learning. One can construct a sequence of games for which the limit of the limit

of the payoff structures converges (for example, in the anti-herding game, if γ→ 0). The limit

game contains robust asymptotic learning, but none of the games in the sequence do. There is a

discontinuity.

The same not necessarily cannot be said if we keep the signal structure fixed. That is, if the

limit of the limit of payoff structures converge, it can be the case that the set of informational

structures that do not lead to asymptotic learning converges to the empty set. This is left for

future research.
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Figure 16: Example of the role of the priors.

7 Prior-Specific Sufficient Conditions

The conditions specified in Theorem 1 and in Theorem 2 refer solely to the payoff structure of the

players. They are prior-free. Nevertheless, Theorem 3 is not prior-free. It says that there will

be one prior and one signal structure associated with failure of information aggregation, but not

that there will be such a signal structure for every prior. The logic of that condition is exemplified

in Figure 16.

There are three states of the world. Triangles (a) and (b) represent the belief basins of odd and

even players, respectively. Each player has access to three actions, “top”, “middle” and “bottom”,

where “top” and “bottom” are extreme basins. The common prior is given by µ.

Notice that there is no coarsening of the belief basins that is convex. The sufficient conditions

for Theorem 1 do not apply here.

Nevertheless, in this specific example, the positioning of the prior is such that, for every

unbounded signal structure, there will be asymptotic learning.

Triangles (c) and (d) reproduce (a) and (b), but adding a red dashed line. This dashed line is

a hyperplane that separates the prior µ from the belief basins middle and bottom, and it is the

same line for all player.

From the martingale condition, we know that the interim beliefs (the beliefs of a player after

observing the action of the predecessor but before observing his own signal) must average out

to the prior. In other words, the prior must be in the convex hull of the support of the interim

beliefs. That implies that the interim belief upon seeing the predecessor take the bottom action

must lie below the red line. It will never be the case that the interim belief of a player will lie in
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the gray triangle.

Because of that, it is possible to construct an auxiliary game in which players have preferences

described by four belief basins: “top”, “middle”, the gray triangle and the bottom diamond, and

the information structure is such that no player ends up with a belief in the gray diamond area

in equilibrium, and the outcomes are the same as in the original game.

This alternative game satisfies the conditions of Theorem 2, since it is possible to merge the

top, middle and gray triangle basins, to form a convex coarsening. There must be asymptotic

learning in this alternative game, and therefore there must also be in the original game.

Theorem 4. If there exists an integer I and an event x ⊆Θ such that, for all players i > I:

• δx lies in the same belief basin as the prior;

• for all θ 6∈ x, δθ is not in the same belief basin as the prior, and

• there is a hyperplane separating the prior µ to all belief basins µ is not in,

then x belongs to the learnable partition.

Proof. Proof in Appendix 5.
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Figure 17: Example of Break of Monotonicity

8 Extensions

8.1 Break in Monotonicity

A natural question to be asked in social learning settings is whether a player would like his

predecessor to be very well-informed.

At first glance, it may seem that the answer is “yes”. The action of a very well-informed agents

is going to reflect more information than that of a poorly-informed agent. Even though that

intuition is valid for the homogeneous-preferences case, it is not applicable in the heterogeneous-

preferences case.

Consider the following stylized example. There are three states of the world, {θ,θ′,θ′′}. Figure

17 below represents the belief basins, and thus, the preferences of the players. The triangle on

top stands for the simplex of player 1’s beliefs, and the one below, that of player 2. The partition

of the triangle represents the belief basins for each player. Both players start with a common

prior µ.

Let’s consider two alternative signal structures. First, suppose that player 1 has access to a

perfectly revealing signal structure, and player 2 to a perfectly uninformative one. This can be

seen as a reduced-form way to represent a social learning game where player 1 actually comes

after a long line of players that share her exact preferences, and all players receive a full-support,

but very uninformative, signal structure.

In this case, player 1 will be aware of the correct state of the world, and will take action a1

if the state is θ, and action a2 if the state is either θ′ or θ′′. The white dots on the top triangle

of Figure 17 represent the support of her posterior, and is labeled with the associated optimal
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action.

Upon observing a1, player 2 infers that the state of the world is θ and his belief becomes

the blue dot denoted by a2 on the bottom triangle. Upon observing a2, player 2 learns that the

state of the world is either θ′ or θ′′, but cannot distinguish between them, leading his posterior

to be the blue dot labeled a2. The prior µ, the posterior after observing a1 and the posterior after

observing a2 all belong to the same belief basin. Observing his perfectly informed predecessor

does not have any value to player 2, since it does not change his choice of action compared to not

receiving any signals.

Now, consider an alternative, Blackwell-inferior signal structure for player 1 denoted by the

red dots. Player 1 can now receive two signals, one of which would lead her to take action a3 and

the other one, action a4. Player 1’s actions are perfectly revealing of the signal she got, so upon

seeing them, player 2 inherits her posteriors. Those two points belong to different belief basins,

so different actions of player 1 would induce player 2 to also take different actions. In this case,

observational learning has strictly positive value to player 2.

This example shows that in a scenario with heterogeneous preferences, a player may prefer

his predecessor to be poorly informed. This stands in contrast with the homogeneous preferences

case, in which Blackwell-improvements to the predecessor’s information leads to an increase in

payoff of all successors.

Proposition 6. If preferences are homogeneous, in equilibrium, Blackwell improvements in the

predecessor’s information generate weakly higher payoffs for the successor.

Proof. This is a direct implication of the improvement principle.

In other words, a player being Blackwell more informed does not translate into that player

being Blackwell more informative.
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Figure 18: Example of the prior homogenization process.

8.2 Heterogeneous Priors

The results in this paper are able to accommodate a situation in which players not only have

heterogeneous preferences, but also heterogeneous priors. That is, the description of a game be-

comes G =<Θ, {A i}i, {ui}i, {µi}i, {F i}i >. All priors, preferences and signal structures are common

knowledge.

The key to this analysis is to construct a game of homogeneous priors, and show that there is

adequate learning in the original game if and only if there is one in this new auxiliary game.

Definition 15. The a-inducing signals for i is a set of signals Sia ⊆ S i such that s ∈ Sia if and

only if a is in the best response correspondence of a player i that observed s and nothing more.

We can use the action inducing signals to construct the new preferences for each player in

a way that they all share the same prior and their actions remain equally reflective of their

private information. The new preferences rationalize a new player î, that has a different prior,

but takes the same action upon seeing the same evidence as i. Therefore, î’s actions reflect the

same information as i’s actions.

Definition 16. May P i be the space of all bounded preferences for player i (that is, all functions

from Θ× A i into [0, M]), and may β :∆(Θ)×S i →∆(Θ) be the Bayesian updating function (β(µ, s)

is the posterior of a player with prior µ who observes signal s).

The prior-homogenizing transformation for player i is a function T : P i × (∆(Θ))2 → P i such

that BRui (β(µi, s))= BRT(ui ,µi ,µ)(β(µ, s)).

The prior-homogenizing transformation is a function T(ui,µi,µ) that maps preferences and

a pair of beliefs into a new set of preferences. It has the property that a player with prefer-

ences ui and prior µi upon seeing any signal s will take the same action as a player with pref-

erences T(ui,µi,µ) and prior µ that observes that same signal. Figure 18 exemplifies a prior-

homogenizing transformation. Geometrically, the transformation “stretches” and “compresses”

the belief basins for them to represent the same information received by the player.

Definition 17. For a full-support belief µ ∈∆(Θ), a µ-homogenization of G is a homogeneous-prior

game Ĝµ =<Θ, {A i}i, {T(ui,µi,µ)}i, {µi}i, {F i}i >, where all players share the same prior µ.

Proposition 7. The prior-homogenizing transformation is well-defined. That is, for any ui, µi

and µ ∈P i × (∆(Θ))2, T(ui,µi,µ) exists and is a preference.
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For any heterogeneous prior game G , and any prior µ ∈∆(Θ), there exists a µ-homogenization

of G .

Proposition 8. There is adequate learning in G iff there is adequate learning in Ĝµ (for any µ).

Proof. In equilibrium, the joint distribution of states of the world, signals, and actions are iden-

tical by construction in both games G and Ĝµ, for any µ. Therefore, if the joint distribution of

actions and states of the world in game Ĝµ converges to the one of perfectly informed agents,

then it must be the case that the same happens in game G .

The natural conclusion of Proposition 8 is that all the analysis made so far can be made in the

heterogeneous-prior case by recasting the problem as a homogeneous-prior problem and applying

the results from this paper.
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8.3 Observing More than the Immediate Predecessor

One of the modeling choices in this paper that represent a significant departure in respect to the

canonical papers in the literature (such as Bikhchandani et al. (1992), Banerjee (1992), Smith

and Sørensen (2000)). This modeling choice significantly simplifies notation, but the main results

qualitatively go through when a more complex network of observation is allowed.

Acemoglu et al. (2011) was the first paper to analyze the canonical social learning in a network

setting. The results and definitions and notation introduced in this section closely follow the ideas

present in that paper.

In this section, player i can observe the action taken by a subset of agents Ni ⊆ {1, ..., i}. This

subset is called i’s neighborhood.

Acemoglu et al. (2011) notes that, as long as players do not only observe some of the first

K players (for some finite K), the two-states, two-actions homogeneous preferences model with

unbounded signal structure has asymptotic learning. This is captured in the definition and propo-

sition below.

Definition 18 (Acemoglu et al. (2011)). The network has expanding observations if for all K ∈N,

we have

limi→∞1
(
max
j∈Ni

j < K
)
= 0. (1)

If the network does not satisfy this property, then we say it has nonexpanding observations.

An example of a network with nonexpanding is one in which all players only observe the

action taken by the first player, i = 1. The main model in this paper, in which all agents observe

their immediate predecessor, is an example of a network with expanding observations.

Definition 19. A network contains long-run sparsity if, for every K > 0, the network obtained by

deleting the first K nodes is connected.

An example of a network that does not contain long-run sparsity is the following. Consider

the same environment as the anti-herding example. There are two states of the world, {L,R}, and

two actions available to all players, {`, r}.

There are two types of agents. Type A takes action ` if and only if his posterior is P(θ = R)< γ,

and type B, in and only if P(θ = R) < 1−γ. That is, type A corresponds to the odd players in

theanti-herding example, and type B, the even players. The information structure is also the

same: with a small probability φ, the private signal is perfectly informative, and with a small

probability 1−φ, perfectly uninformative.

Suppose that the line of agents is always of the format {A, A,B, A, A,B, A, A,B, A...}, that is,

the type of the agent is B if and only if his position in the queue is a multiple of three.

Furthermore, suppose that the observation network is the following:

1→ 4→ 7→ 11→ 14→ 17→ ...

2→ 3→ 5→ 6→ 8→ 9→ 11→ ...
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Figure 19: Neighborhood join for i∗.

This amounts to two disconnected networks. One of them is populated only by type As (and

thus has homogeneous preferences), while the other one exactly matches the anti-herding exam-

ple. Given the results seen before, the first network has features asymptotic learning whereas

the second does not.

To avoid this sort of complication, it is without loss to analyze networks that satisfy long-

run sparsity, otherwise the results of this paper can be applied to each branch of the network

separately.

Definition 20. Player i’s neighborhood join B̌i is a family of subsets of ∆(Θ) generated by the join

of the set of belief basins of the players in i’s neighborhood:

B̌i =∧ j∈Ni B j.

Player i’s neighborhood informational content at certainty X̌ i is a family of subsets of Θ gen-

erated by the join of the informational contents at certainty of the players in i’s neighborhood:

X̌ i =∧ j∈Ni X j.

For example, in the anti-herding model, odd players’ belief basins are {[0,γ), (γ,1]}; and even

players’ belief basins are {[1,1−γ), (1−γ,1]}. If a player i∗ were to observe his two immediate

predecessors, then his neighborhood join would be

B̌i∗ = {[0,γ), (γ,1]}∧ {[1,1−γ), (1−γ,1]}= {[0,γ), (γ,1−γ), (1−γ,1]}.

This is graphically exemplified in Figure 19.

Intuitively, if i’s neighborhood join is fine enough, she can get a lot of information from ob-

servational learning. This allows her to compare the information of all players that she observed

and have a better grasp on the uncertainty level that they had.

The two conditions that need to be imposed to generalize the main results are expanding

observations, and neighborhood joins being fine enough.

Theorem 1∗. Fix a sequence of preferences {ui}. There will be some non-trivial signal structure

{Fi} for which the game has asymptotic learning if and only if the sequence of neighborhood in-

formational contents at certainty is finer than i’s own informational content at certainty. That is,

if:

V I(X̌ i, X̌ i ∧ X i)→ 0.
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Proof. See Appendix 8.

The intuition for this proof is very similar to the intuition for the proof of Theorem 1. If

the condition in the theorem is satisfied, it means that players eventually could figure out all

information they need by crossing the observations of their perfectly-informed neighbors.

Definition 21. An event e ⊆ E ⊆ ∆(Θ) is separated∗ at E is there exists a preference C and a

subsequence of sets of coarsenings of neighborhood joins ˜̌X j limited to E such that:

• the complement of the subsequence is sparse. That is, may K ⊂N be the set of elements of the

original sequence not in the subsequence (K =N\Im( j)). Then, limk→∞ |{`∈K :`≤k}|
k = 0.

• ˜̌X i converges to C;

• C is convex;

• there exists an element c̃e ∈ C such that {µ̃ ∈∆(Θ) : µ̃(e∩E)= 1}⊆ c̃e and {µ̃ ∈∆(Θ) : µ̃(e∩E)=
0}∩ c̃e =;.

The original separation process looks at coarsenings of preferences. This process looks at

coarsenings of neighborhood joins instead. This reflects the extra information that agents can

get by exploring the joint distribution of the actions that are available to them.

Definition 22. Partition Y of Θ is the learnable partition∗ if it is the outcome of the separation

algorithm∗, which is described below:

1. set t = 0 and S0 = {Θ};

2. Consider each element E ∈ St, and find the finest partition of E such that all of its elements

can be separated∗ at E. Call this partition P t
E.

3. Set St+1 =∪E∈St P
t
E. (St+1 is itself a partition of Θ)

4. Stop if St+1 = St. Otherwise, advance one step on t and return to step 2.

The learnable partition∗ is the analogue of the learnable partition when considering the net-

works game.

Theorem 2∗/3∗. Suppose V I(X̌ i, X̌ i ∧ X i) → 0, that there are expanding observations, and a

non-sparse network. There is robust asymptotic learning if and only if the learnable partition

is limi→∞ X̌ i.

Proof. See Appendix 8.

This result is the analogue of Corollary 2, combining results that extend Theorem 2 and

Theorem 3. The proof is very similar to the proof of those theorems, but making the analysis in

the joins of belief basins, which makes it significantly more notationally cumbersome.

In summary, qualitatively the results from the main section of this paper still hold after al-

lowing for more complex observational learning structures. The more agents someone observes,
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the easier it is to have (robust) asymptotic learning, because agents can leverage the joint distri-

bution of actions of their predecessors.

If agents observe all their predecessors, then no information is lost across generations, and

the conditions for asymptotic learning become much less stringent. All that is necessary is to

rule out crazy types that only care about a state of the world that no one before cared about.

An example of such a situation in which there is a different, independently distributed state

of the world at each period of time, and each agent only cares about the state at his period of

decision-making. This is ruled out, for instance, if the set of states of the world is finite.

Proposition 9. If the signal structure is unbounded and agents can observe their entire string

of predecessors, and if the signal structure is unbounded, then there will be asymptotic learning

if , for all pairs θ,θ′ ∈ ∆(Θ), there is an infinite number of agents i for which θ and θ′ belong to

different elements of X i.

Proof. In Appendix 8.

In other words, if there is an infinite number of agents whose action could possible differen-

tiate between two states of the world at certainty, the distinction between these states will be

learned asymptotically.
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9 Conclusion

Heterogeneity of preferences can have severe implications for the process of social learning. If

agents’ behavior is different even if they were perfectly informed, asymptotic learning is impos-

sible for non-trivial signal structures. The amount of heterogeneity of preferences for there to be

asymptotic learning for all unbounded signal structures has to be limited by a coarsening process.

In case this condition fails, social learning could completely collapse.

This failure happens because heterogeneity serves as an obstacle for agents’ actions to reflect

information accumulated by their predecessors. If agents can observe all their predecessor, that

phenomenon is not present.

A myriad of applications can come from this framework. For example, future research could

explore what is the optimal queuing of players for information to flow in heterogeneous settings.

This can have large impacts in the design of policy, may it be spreading new technologies in rural

Africa, or designing informationally-stable financial networks.
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